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Abstract. In this paper, we study the initial boundary value problem for the two dimensional 
strong damped wave equation with exponentially growing source and damping terms. We first 
show the well-poscdncss of this problem and then prove the existence of the global attractor in 

(H£(n)r\L°°(n)) x L 2 (n). 



1. Introduction 

The paper is devoted to the study of the strongly damped wave equation 

w ft -Aw t +f(w t )-Aw + g(w) = h. (1.1) 

The semilinear strongly damped wave equations are quite interesting from a physical viewpoint. For 
example, they arise in the modeling of the flow of viscoelastic fluids (see [1, 2]) as well as in the 
theory of heat conduction (see [3, 4]). One of the most important problems regarding these equations 
is to analyse their long-time dynamics in terms of attractors. The attractors for such equations have 
intensively been studied by many authors under different types of hypotheses. We refer to [5-7] 
and references therein for strongly damped wave equations with the linear damping and subcritical 
source term. In the critical source term case, the existence of the attractors for the strongly damped 
wave equations with the linear damping was proved in [5] and later in [5]. The regularity of the 
attractor, established in [8, 9], was proved in [10], for the critical source term case. Later in [11], it 
was shown that the attractor of the strongly damped wave equation with the critical source term, 
indeed, attracts every bounded subset of H^fl) x L 2 (f2) in the norm of Hq(Q) x Hq(Q). In [12] . 
the authors proved the existence and regularity of the uniform attractor for the nonautonomous 
strongly damped wave with the critical source term. The attractors for the strongly damped wave 
equations with the source term like polynomial of arbitrary degree were investigated in [13] . In 
the nonlinear subcritical damping term case, the attractors for the strongly damped wave equations 
were studied in [T3] and [TS] . In [TB] , the authors investigated the attractors of the abstract second 
order evolution equation with the damping term depending both on displacement and velocity. 
In particular, the results obtained in [TB] can be applied to the strongly damped wave equation 
with subcritical nonlinearities. Attractors for strongly damped wave equations with the critical 
displacement dependent damping and source terms were established in [17]. Recently, in [18] the 
authors have proved the existence of the attractors for the equation (1.1), when the source term g 
is subcritical and nonmonotone damping term / is critical. Later in [19] . they have improved this 
result for the case when both of / and g are critical and inf f'(x) > — Ai, where Ai is the first 

eigenvalue of Laplace operator. 

Although in the most of papers mentioned above, the three dimensional strongly damped equa- 
tions were studied, their methods, due to the embedding iJ x (57) C L p (il), 1 < p < oo, are valid also 
for the two dimensional equation (1.1), with polynomially (of arbitrary degree) growing / and g. The 
goal of the present paper is to study the two dimensional equation (1.1) with exponentially growing 
damping and source terms. However, in this case, the embedding i? 1 (fi) C L p (il), 1 < p < oo, is 
not sufficient to control the energy integrals of (1.1) by the norm of initial data from Hq (f2) x L 2 (£l). 
Therefore, we consider the equation (1.1) in the space (i?Q (d)nL°°(D,)) x L 2 (il) instead of the usual 
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phase space Hq(£1) x L 2 (51). On the other hand, it arises another difficulty as the L°°(f2)— estimate 
for the weak solutions. To overcome this difficulty, we reduce the strongly damped wave equation 
to the heat equation and use the regularity property of the latter (see Lemma 3.2-3.3). 

The paper is organized as follows. In the next section, we state the problem and main results. In 
section 3, we first prove the existence of the weak solution and then establish its L°° regularity, which 
plays a key role for the uniqueness of the weak solution. After uniqueness, we show L 2 regularity 
for wu and then continuous dependence of the weak solution on initial data. In section 4, we first 
establish the dissipativity, in particular the global boundedness of solutions in L°°(Sl) uniformly 
with respect to the initial data from a bounded subset of (Hq(£1) n L°°(Ci)) x L 2 (£l), and then the 
asymptotic compactness, which, together with the existence of the strict Lyapunov function, lead to 
the existence of the global attractor. Finally, in the last section, we give some auxiliary lemmas. 

2. Statement of the problem and results 
We consider the following initial-boundary value problem: 

w u - Aw t + f{w t ) - Aw + g(w) = h(x) in (0,oo)xfi, 
w = on (0,oo) x dn, (2.1) 

w(0,-)=w , w t (p,-) = wi m 

where £1 C R 2 is a bounded domain with smooth boundary, h £ L 2 (Q) and the nonlinear functions 
/, g satisfy the following conditions: 

. /, g e C\R), /(0) = 5 (0) = 0, inf /'(«) > -A 1; liminfg'(,s) > -A 1; (2.2) 

sen |s|^oo 

• |/(- S )|<c(l + |/( S )|), Vsei?, (2.3) 

OO oo 

• / TTTT^T-, ds <oo, f , . . \ 9 ' {S ^ .. ds <oo, (2.4) 
J s{f{s) + \ lS ) + l J |s( 5 (s) + Ais)| + l v ' 

— oo — oo 

where Ai = inf ^7 V l L2(n) ■ 

V GH 1 (O), ¥ >#0 H v llt2 (!2) 

It is easy to verify that for a, (3 € [0,1) the functions f(s) = seJ s \" and g(s) — se^ + P n (s) 
satisfy the conditions (2.2)-(2.4), where P n (s) is a polynomial of degree n. 

Definition 2.1. The function w G C([0, T];Hq((1)) satisfying w t <= C s (0, T; L 2 (£l))n 
L 2 (0,T;H^(Q)), f(w t ) e L^O, T; L\Q)), g{w) e L\Q,T-L\Q)), w(0,x) = w Q (x), w t (0,x) = 
W\(x) and the equation 

^ {w t , v) + (Vio t , v) + (Vio, v) + (f(w t ),v) + (g(w),v) = (h, v) 

in the sense of distributions on (0,T), for all v G Hq(Q) n L°°(f2), is called the weak solution to the 

problem (2.1) on [0,T] x 0, where C s (0, T; L 2 (fl)) = {u : u G L°°(0, T; L 2 (£l)), (u,ip) G C[0,T], for 

every ip G L 2 (Q)} and (i(),<p) = J ip(x)<p(x)dx. 

n 

Our first result is the following well-posedness theorem: 

Theorem 2.1. Assume that the conditions (2.2)-(2.4) are satisfied. Then for every T > and 
(wq,Wi) G (Hq(Q) n L°°(Q)) x L 2 (fl), the problem (2.1) admits a unique weak solution which 
satisfies 

w€C([0,T];Hi(Q)nL°°(n)), w t G C([0, T];L 2 (VL)) n £ 2 (0, T; Hq(£1)), w tt G L 2 OC (0 , T ; L 2 (ft)) 
and the inequalities 

t 

IK*)lljrj(ii) + \\Mt)\\mci) + I \NMr)\\ L 2 {n) dr 

+J (f{m{r)),w t {r))dT < ci(r(w , wi)), 
o 



IkWHioo^) < c 2 (T, r(w ,wi)) 
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Moreover, if v € C([0, T}; ff 1 (fi)nL oo (O))nC 1 ([0, T]; L 2 (n))nW^ 2 (Q, T; H^(Q))nW^{0, T; L 2 (n)) 
is also a weak solution to (2.1) with initial data (vq,Vi) G (Hq(H) n L°°(Q)) x L 2 {Vl), then 

IK*) -v(t)\\ H i m + \\w t (t) -v t (t)\\ L2{Q) < 

< c 3 (T,r) (\\w -v \\ H i {n) + |H - Vi\\ L2(n) ) , Vt€[0,T], (2.6) 
where C\ : i?+ — > cmd Cj : i?+ x i? + — > R + (i = 2, 3 J are nondecreasing functions with respect to 
each variable, r(u> ,u>i) = ||('^Q,'«'i)||(jji(n)ni c »(n))xi 3 (n) arlrf ^ = max{r(w , u>i), r(u , t>i)}. 

Hence, by Theorem 2.1, the solution operator <!?(£) (u>o, wi) = (w(t),wt(t)) of the problem (2.1) 
generates a weakly continuous (in the sense, if (p n — > if strongly then S(t)ip n — > S(t)<p weakly 
star) semigroup in (H^(ft) n L°°(Q)) x L 2 (ft). 

Definition 2.2. ^[20] ) Let {V(t)}t>o be a semigroup on a metric space (X, d). A compact set A C X 
is called a global attractor for the semigroup {V(t)} t>0 iff 

• A is invariant, i.e. V(t)A — A,^t > 0; 

• lim sup inf d{V{t)v, u) — for each bounded set B C X. 

Our second result is the following theorem: 

Theorem 2.2. Under conditions (2.2)-(2-4) the semigroup {S(t)} t>0 generated by the problem (2.1) 
possesses a global attractor in (Hq(CI) l~l L°°(Q,)) x L 2 (f2). 

3. Well-posedness 

We start with the following existence result: 

Lemma 3.1. Assume that the conditions (2.2)-(2.3) are satisfied. Then for every (wq,wi) £ 
(Hq(CI) n L°°(f2)) x L 2 (Vl), the problem (2.1) admits a weak solution on [0, 1] x f2 such that 

\im\\w t {t) -wi|| L 2 (n) =0. (3.1) 

Proof. By using Galerkin's method, let us to construct approximate solutions of (2.1). Let {ifij}J^ 1 
be a basis of H 2 (Vl) n Hq(VI) consisting of the eigenfunctions of the Dirichlet problem 

-Atpj = Xjipj in O _ 

ipj = on9J] ' J ' '- • 

According to Lemma A.l and the embedding H 2 (£l) C C(fi), for (w ,wi) € (Hq(Q) n L°°(Q,)) x 
L 2 (VL), there exist the sequences {ct„}^L 1 and {/3n}^Li such that 



J2 a k ip k -t w in H^ifl), Pk9k -> Wi in L 2 (fl) as n -> oo, 
fe=i fe=i 



fe=i 



< lko|| LO o (n) 

c(n) 



(3.2) 



sup 

n 

We define the approximate solution w n (t) in the form 

n 

W n {t) = ^2 c nk(t)<Pk, 
fe=l 

where c nk (t) are determined by the system of second order ordinary differential equations 

E Pi) + ( E <f nk (t)v<Pk,v<Pj) + (/( E ,^ 

fe=i / \fc=i / \ \fe=i / 

+ c nk (t)VLp k ,Vip^J + (g (^J2 c nk (t)ip k ^J ,cpj\ = (h,<fj) , j = l,2,...,n, 
with the initial data 

c ni (0) = o i , c'.(0)=&, j = l,2,..,n. (3.4) 



(3.3) 
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Since det((ipj,tph)) 7^ and the nonlinear functions / and g are continuous, by the Peano existence 
theorem, there exists at least one local solution to (3.3)-(3.4) in the interval [0, T n ). Hence this 
allows to construct the approximate solution w n (t). Multiplying the equation (3.3)j by the function 
c' n j(t), summing from j = 1 to n and integrating over (0,t), we have 

t 

\ IKt(t)|£ a(n) + \ ||V«; n (t)|£ a(n) + (G(w„(t)), 1) + f \\Vw nt (r)\\ 2 LHn) dr 



Z 

+ j (f(Wnt{T)),W nt (T)) dT=^ \\w nt (0)f L2{n) + {h,W n {t)) 


+ \ l|Vw n (0)||^ (n) + (GK(0)), 1) - (h,w n (0)) , Vt e [0,T m ), 

to 

where G(w) = J g(u)du. Taking into account (2.2) and (3.2) in (3.5), we get 



(3.5) 



\ W n(t)\\ H l {n) < C, 
li 2 (0) 



|*Wret(*)|| T.2foi < C, 





t 

j (f(w nt (T)) + Xiw nt (T),w nt (T)) dr <c 





, Vt€ [0,T„). 



where the constant c depends on \\(wo, u; i)||(jfi(n)ni, oo (a))xi 2 (n) anc ^ * s independent of n and i. 
Hence, we can extend the approximate solution to the interval [0, oo) and 

t 

\\wn(t)f H i {n) + \\w n t(t)f L2{n) + J \\w nt (s)f H1{n) ds 



+ / (/lKt(T)),W„i(T))<lT<4c, Vt>0, 



(3.6) 



where /i(s) = f(s) + Xis. 

Multiplying the equation (3.3) j by the function c n j(t), summing from j = 1 to n and integrating 
over (0,t), we obtain 

t 

1 2 f 2 

(Wnt(t),W n (t)) + -\\Vw n (t)\\ L2{n) + J \\VWn{s)\\ L 2 {a) ds 



t t 

J (f(w nt (s)),w n (s))ds + J (g(w n (s)),w n (s)) ds = (w nt (0),w n (0)) 



+ 



+j \\w n t{s)f L 2 {n) ds+^\\Vw n (0)\\ 2 L2{n) + J (h,w n (s))ds, Vt > 0, 



which, together with (3.6), yields 



J (gi(w n (s)),w n (s))ds + J (fi(w nt (s)),w n (s)) ds < ci(l + t), Vi > 0, 
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where gi{s) = g(s) + /JiS and \i\ 



infV(s) 



1. Applying Lemma A. 6 with choice M = 1 to the 



second integral on the left hand side of the last inequality, we find 

(gi{w n (s)),w n (s)) ds < ci(l + t) 





1 



+ (lK.(0)|| L ~ ( n) + l) / (A 

(Wnt(s)),Wnt(s)) ds + || /l |j C [_ M ] || W n (0) \\ L 1(Q) 



(\fi(-w nt (s))\ ,\w nt (s)\) ds, Vie [0,1], 

which, together with (2.3), (3.2) and (3.6), gives us 

l 

(gi(w n {s)),w n (s)) ds < c 2 , (3.7) 



where the constant C2, as c and ci, depends on W(wo,wi)\\^H^(n)nL' x '(n))xL 2 (n) an< ^ * s independent 

of 71. 

Now, multiplying the equation (3.3),, by the function ic"-(i) and then summing from j = 1 to 

3 J 

n, we get 

\\(- A y lw ntt(t)\\i Hn) 

= (w nt (t) + w n (t) - (-A)-VKt(*)) - (-A)- X ffK(t)) + (-A)- 1 /!, (-A)" 1 ^*)) , 
and consequently 

\\Wntt(t)\\ v < C 3 (|kniW||i2 (n) + \\w n (t)\\ L2{n) 

+ \\h\\ LHQ) + ||/Kt(*))Hv + ll<?K(*))llv) . V* > 0, (3.8) 
where V is the dual of H 2 (n) n H^(rt). Since, by the embedding L 1 ^) C V, 
\\f(w n t {t))\\ v < c 4 \\f(w nt {t))\\ L1(n) < c 4 ||/|| C[ _ M] mes{fl) 



+c 4 / \f(w n t{t,x))\ \w nt (t,x)\ dx < C4 ||/Hc[-i,i] »™es(Q) 

{i:i£!1, |tut,x)|>l} 

+C4 (fl(w nt (t)),W nt (t)) +C 5 \\w nt (t)\\ L2 ^ 

< c 6 (l + \\w nt (t)\\ 2 L2{n) + (fi(w nt (t)),w nt (t))) 

and similarly 



||$K(*))llv < C 7 (l + IK(*)ll^ (n) + (fflK(t)),«n(*))) 



by (3.6)-(3.8), we have 



l 



\\w nt t(s)\\ v ds < c 8 , (3.9) 



where cs is independent of n. Thus it follows from the estimates (3.6) and (3.9) that the se- 
quences {w n }™ =v {w nt }™ =1 and {w„tt}^° =1 are bounded in L°°(0, 1; H L°°(0, 1; L 2 (fl)) n 
L 2 (0, 1; -f/^fi)) and L^O, 1;V), respectively. Applying the compact embedding theorem (see [2TJ 
Corollary 4]), we obtain that the sequences {w n }^L 1 and {wnt}^! are precompact in L 2 (0, 1; L 2 (£l)). 
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As a consequence, there exists a subsequence of {«i tt }™ =1 (still denoted by {wn}^^) and a function 
w G L°°(0,l;^(O)) with icf G L°°(Q,l;L 2 (Si))nL 2 (0,l;H%(n)) such that 

w n —> w weakly star in L°°(0, 1; Hq(CI)), 

w n —> w strongly in C([0, 1] ; L 2 (S1)), 
Wnt — > Wt weakly star in L°°(0, 1; L 2 (fl)), 

w nt -> weakly in L 2 (0, 1; ( fi ))> ( 3 - 10 ) 
w nt -> Wt strongly in L 2 (0, 1; L 2 (f7)), 
w n — » id a.e. in (0, 1) x fi, 
w n j — > Wt a.e. in (0, 1) x ft. 

Now, applying Lemma A. 2, by (3.7) and (3.10)6, we get 

9i(w n ) -> strongly in L x (0, l;!, 1 ^)), 

which, together with (3.10)2, implies 

g(w n ) -> g(u>) strongly in L^O, l;L 1 (f2)). (3.11) 
Similarly, by (3.6), (3.10)s and (3.10)7, we find 

f{Wnt) -> /K) strongly in L^O, 1; L 1 ^)). (3.12) 
Thus, considering the last approximations and passing to the limit in (3.3), we obtain 

- (w t ,ipj) + (Vw f ,V^) + (Vw,Vipj) + (f(w t ) t <pj) + {g(w),<pj) = (h,(p s ) , j = 1,2,.... (3.13) 

in the sense of distributions on (0, 1). Since {(pj}'^L 1 is base in iJ 2 (fi) n Hq(£1), by (3.2), for every 
v G Hq(Q) n L°°(n), there exists {a„ J }^ 1 such that 

k„ 

ctnj'Pj — > v in i/g (f2), as n — > oo, and sup 

n 

3=1 

which, together with (3.13), yields that 

4 (wt,v) + (Vtwt, V«) + (Vic, V») + (/(t»t)i «) + ») = (ft. ») . 
ar 

in the sense of distributions on (0, 1), for every v G H^(Cl) n L°°(fi). From this equation, it is easy 
to see that w u G L x (0, 1; ff _1 (Q) + L 1 ^)) and 

w tt - Aw t -Aw + f{w t ) + g{w) = h in L^O, 1; H~\n) + L l (n)). 

Now, by w G i°°(0,l;^(n)), w t G L 2 (0, 1; ^(O)) and «)« G L x (0, 1; i2" _1 (£2) + L 1 (fi)), it follows 
that to G C([0, 1] ; fl^(fi)) and w t G C([0, 1] ; iT" 1 ^) + L x (fi)). Further, applying gSJ Lemma 8.1, 
p. 275], byw f G L°°(0, 1; L 2 (fl)) and w t G C([0, 1] ; ff-^fi) + i 1 (O)), we have w t G C s (0, 1; L 2 (ft)). 
By (3.10)i and (3.10) 4 , it follows that 

w n -> 10 weakly in C([0, 1] ; #o( fi )) 

and particularly 

w n (0) -> to(0) weakly in ^(Q), 
which, together with (3.2)i, yields that w(0) = w . Also, by (3.3), (3.10)-(3.12) and (3.13), we find 

{w nt ,ipj) -> (wufj) weakly in L^O, 1), j = 1, 2, .... 
The last approximation, using (3.10)3, gives us 

(w nt (0),<Pj) -> (wt(0), ^) , i = 1, 2, .... 

Hence, by (3.2)i and (3.4), we have wt(0) = W\. Thus, the function w G C([0, 1] ; Hq (Q)) with 
wt G C s (0, 1; £ 2 (S1)) is a weak solution to (2.1) on [0, 1] x fl. 



k„ 



<IHI 



L°°(f2) 



STRONGLY DAMPED WAVE EQUATION 



7 



Now, let us prove (3.1). By (3.2), (3.4) and Lebesgue's convergence theorem, it is easy to see that 

lim (FK(0)),1) = (F{w ),l) ■ 

n—too 

Also, by (2.2), (3.10) and Fatou's lemma, we have 

liminf(G( W „(t)),l) > (G{w(t)),l) 

n— >oo 

and 

t t 
liminf / (f(w nt {T)),w nt {T))dT> / (/(w t (r)), w t (r)) dr. 

n-s-oo J J 


Hence, passing to the limit in (3.5) and taking the weak lower semi-continuity of the norm into 
consideration leads to 

t 

\ IKWII^nj + \ HVt«(t)|£ a(n) + (G(w(t)), 1) + J ||V^(r)||^ (n) dr 

o 

t 

1., .,2 



+y (/K(t)W(t)> dr < g lhilli»(n) + <'».«'(*)> 
o 

+ ^l|Vw;o||i2 (0) + (G( U ;o),l)-^,^o), Vte[0,l]. (3.14) 

Since w € C([0, 1] ; Hq(Q)), passing to the limit in (3.14) as t \ 0, we get 

^minf |K(t)||^ 2(n) < IKII^n)* 

which, together with w t G C s (0, 1; L 2 (^)), yields (3.1). □ 

Now, let us prove L°° regularity for the weak solutions. Decompose the weak solution determined 
by Lemma 3.1 as follows 

w(t, x) — v(t, x) + u(t, x), 

where 

v tt - Av t + v t - Av = (1 + Xi)w t + niw + h in (0,l)xO, 
v = on (0,1) x dfl, (3.15) 

v(0, -)=w , v t (0,-)=wi in il, 

and 

u tt - Au t +u t - Au = -fi(w t ) - gi(w) in (0, 1) x il, 

u = on (0,1) xdfl, (3.16) 

u(0,-) = 0, m*(0,-) = in fl. 

Lemma 3.2. Let (wq,wi) e (Hq(SI) D L°°(il)) x L 2 (il) and w(t,x) be the weak solution of the 
problem (2.1). Then the problem (3.15) has a unique weak solution v G C([0, 1] ;i/o(£!) H L°°(Q)) 
with v t e C([0, 1] ; i 2 (^)) n L 2 (0, 1; ff^(fi)) sucA fAaf 



\v(t) - e *^o|| ffs(0) < 7^ (l + IMIc([o,i];L 2 (n)) 



+ IKIIl°o(o, 1; l 2 (q))) - V *e[0,l], Vse[0,2). (3.17) 



Proof. Denoting ip = v + v t , by (3.15), we have 



(ft - Atp = (1 + Xi)w t + ti\w + h in (0, 1) x ft, 

Lp = on (0,1) x dn, (3.18) 

ip(0, •) = w + w\ in ft. 
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It is well known (see, for example [23l p. 116]) that the Laplace operator A with D(A) = H 2 (fl) n 
Hq(Q) generates an analitic semigroup in L 2 (Q) and 

h At \\c(L W s m < Mt ~^ ( 3 - 19 ) 

for t, s > 0. Hence, by using the variations of constants formula, from (3.18) and (3.19), we obtain 
that tp G C*([0, 1] ; L 2 {Q)) n C((0, 1]; H S {Q)) n L 2 (0, 1; ^(fi)) and 

2 

IM*)Uir»(n) ^ Mt 2 1 1 wo + wi\\ L '(a) + JZT S M( - 1 + Hlc([o,i];£2(fi)) + IKIIl/»(0,l;.E,=(n))) = ( 3 - 20 ) 

for every i € [0,1] and s G [0,2). As a consequence, solving the equation w + w t = we get 
(3.17). By using the embedding H 1+e (Vt) C from (3.17), (3.20) and the equation v + 

Ui = <p, it follows that v G L°°(0,l;^(O) n and u t € L x (0, 1; fl^(fi) n L°°(0)). Hence, 

t> G C([0, 1] ; fl^(n) n L°°(n)), which, together with ip G C([0, 1] ; L 2 (ft)) n L 2 (0, 1; ff^fi)), yields 
vt G C([0,l];L 2 (fi))nL 2 (0,l; J ff 1 («)). □ 

Lemma 3.3. Assume that the conditions (2.2)-(2-4) are satisfied and w(t,x) is the weak solution of 
the problem (2.1) on [0, 1] x fl. Then u G C([0, 1] ; L°°(Q)) and for every 6 > t/iere exists c(5) > 
sitc/i f/iaf 

IK*)IL°°(n) < 5 

+ c(<5) I / (/i(u; t (s)),^(s))ds+ / ( gi ( Wt (s)),w t (s))ds I , Vt G [0,1], (3.21) 



where u G C([0, 1] wii/i e C s (0, 1; L 2 (fi)) n L 2 (0, 1; ^(fi)) and lira |K(*)||x,2 (n) =0, is 

i/ie weaA; solution of (3.16). 

Proof. Setting h(t, x) — —fi(wt(t, x)) — gi(w(t, x)) and v — u + u t , by (3.16), we have 

«t - Av = h(t, x) in (0,1) xO, 



v = on (0,1) x <9£], 

u(0, •) = in il. 



By Lemma A. 3, it follows that 



\v(t,x)\< -^Jj^T^I' ' : ll{s -!i ] \ ,l !'< ls 





r 

- 'hj (t-s) i ' ~~~~ ' n 1 ,r(s ' //))| ' ///(/ ' s ' 

o 

r 

1 /" 1 



47T j (r — s) 

S! 

Now, let us estimate the right hand side of (3.22) 

T 

1 



e -4F^T Ifciwtis, y))\ dyds, a.e. in (0, 1) x CI. (3.22) 



e k-r—) \gi(w(s,y))\ dyds 



{t-s). 

U £2 

1 f _ |x-y| 2 

7 r / e 4 <— => \gi(w{s,y))\ dyd. 

[t-s) | J 

{xei1:g t 1 (-£(r-s)- a )<w(s,y)<g 1 1 (e(T-«)-«)} 



S 



(r-s) 

{i60: t n(s, !/ )>j 1 ^e^-s)-")} 



/ e 4 <— 55 |ffi(io(s,y)) | dyds 
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/ 



T — S 

{xen:w(s,y)<g^ 1 (-e(r-s)- a )} 



e Mrs) \ gi (w(s,y))\ dyds 



T T 

./ iH-^./ ' ; ' + I (r-s) 9 -Ae{r- S )-)l 9l{W ^ V)M "' ^ 



R 2 



r 

7 



n (T- S )g 1 1 (-e(T-s)-<*) 
o n 



Aire 



1 



r 

7 





(r - s)« 
1 



ds 



J ' 9i(w{s,y))w(s 7 y)dyds 

g 1 (w(s,y))w(s,y)dyds 



(T-s)gi 1 (-e(T-s)-<*) 



(T-s)gi 1 (e(T-s)-"). 

g 1 (w(s,y))w(s,y)dyds, V(r,x) e (0,1) x fl, 



where a e (0, 1). Hence, we have 
t 



1 



(T-8) 



e 4(x-„) \gi(w{s,y))\ dyds 



dT 



L°°(fi) 



< 



47T£ 



+ 



t r 

// 





(2-a)(l-a) 
1 



(r - a) ffl ^(r - *)-<•) (r - s) 5l \-e(r - 

47T£ 



y 5i ( w ( s , 2/)Ms, y)dydsdr 
n 



2-ct 



(2-a)(l-a) 

t 

/ gi{w(s,y))w{s,y)dy (- _ v T^T~7 T - T7 7 T^) rfrrfs ' (3 ' 23) 



o n 

By the condition (2.4), we obtain 
t 



(t - s) g^(e(t - s)-°) (t - s) g^(-e(t - «)-«) 



1 /" 1 



ag^isa-o) ag^{-ea- a )J a J \g^{e\) 

OO OO 

a7 A^-^-eA) a./ A^Y 



dr 



-dA 



i 

OO 



l (A) 



-1/ } dA=l / 
«y A5i (-A) a J vg\{v) 

9i ^e) 



1 A 5iH 



d^ 



9i 



+ 



1 / 

a J 



vg\(y) 



dv <C oo , 
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which, together with (3.23), yields 

t 



1 



(r-s) 



e Ht-s) \ gi ( w ( s ,y))\ dyds 



dr < 



4ne 



(2-a)(l-a) 



L°°(£2) 



+ k e / gi(w(s,y))w(s,y)dyds, Vt G [0, 1], 



o n 



oo Pi 1 ( — £ ) , 

where fc £ = 1 I / ^S*' + / ^& dv I ■ Similarl y> wc find 



(r-,s) 



e -4F^T |/i(w t (s,y))| (2yds 



Aire 



L°°(n) 



(2-a)(l-a) 



/ fi(w t {s,y))w t (s,y)dyds, Vie [0,1], 
o n 

where fc e = ^ I J" //i H dv ~vhW) dv I anc ^ a e 1)- Taking into account the last two 

inequalities in (3.22), we get v G L^O, 1; L°°(r2)) and 



1 



2e fc 

li°°(n) dT " (2-a)(l - a) + i I I fi(w t (s,y))w t (s,y)dyds 



o £~2 



^ J J 9i{w{s,y))w{s,y)dyds, Ve > 0. 

Q 

Now, solving the problem 

itt(t, a;) + u(t, a;) = u(t, x) in (0, 1) x O, 
it(0, x) = in £1 

and taking into account (3.24), we obtain u G C([0, 1] ; L°°(Q.)), u t G ^(O, 1; and 

t t 



(3.24) 



{ 



ll«(*)ll 



L~(n) 



< 



je-^\\v(r)\\ LOO{n) dr< J \\v(r 

o o 
~ i 

(2-a)(l-a) + fe/ <AM«)). 



1 

(ffi M*)), ds, Vt G [0, 1] and Ve > 0, 



(3.25) 

□ 



which yields (3.21). 

Thus, by Lemma 3.1-3.3, it follows that the problem (2.1) has a weak solution w G C([0, 1] ; Hq (f2)fl 
L°°(Q)) withw;* G C S (0,1; L 2 (O))nL 2 (0,l; #o( ))- Also, by (3.7), (3.10), (3.14), (3.17) and (3.21), 
we have 

IK*)II < c (ll( u, o,wi)|| (i? i (n)nLIX)(n))xi 2( n) ), Vie [0,1], (3.26) 
where c : i?+ — > i?+ is a nondccrcasing function. 

Now, we are in a position to prove the uniqueness of the weak solution. 
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= 0, i = 1,2. Let 

L 2 (£l) 



Lemma 3.4. Under the conditions (2.2)-(2.4), the problem (2.1) has a unique weak solution. 

Proof. Assume that there are two solutions to (2.1) as w w e C([0, 1] ; i?p(fi) n L°°(Q)) with w t W € 
C a (0,l;L 2 (fi)) n L 2 (0,l;J^(fi)), w (i) (0) = w and Jim w { t i} (t) - Wl 
u{t,x) — u>i(t,x) — Wz(t,x). Testing the equation 

u tt - Au t + f(w { t 1} ) - f{w (2) ) -Au + g(w^) - g(w™) = 0, 
ky u{t)-u(t-h) M (t+fe)-M(t) Qn ^_ _j_ ^ s _|_ ^ x ^ ^ ^ x ^ respectively, and then summing 
these relations, we obtain 

(u t (s + h) + u t (s),u(s + ft) - u(s)) - (tt t (T + ft) + u t {r),u{T + ft) - u(r)) 



S 

"2ft/ 



(u t (t + ft)+u t (*),u t (> + ft) -u t (t))dt 



s 



~J (Vu{t + h) + Vu(t),Vu(t + h) - Vu(t)) dt 



u(t + h) -u(t)\ 



S 

= \j (g{w^{t + h))-g(w^{t + h)), 

T 

S 

+ \ j ^ 2 Ht))- g ( W ^Ht)) ^ t + h) h - u(t) yt, V[r, S ] C (0,1), (3.27) 

T 

where h is a sufficiently small positive number. Since 

s 

1 1 f 

— (u t (s + ft) + u t {s),u(s + ft) - u(s)) - — / (u t (t + h) + u t (t),u t (t + h) - u t {t)) dt 

T 

S 

1 f 1 d 

+ — \ (Vu(t + h) + Vu(t), Vu(t + ft) - Vu(t)) dt=—— (u(s + ft) - u(s),u(s + ft) - u(s)) 

T 

s-\-h r+h 

+ l(u t ( s ),u( S + h)-u(s))-±- J \\u t (t)f L2{n) dt+^ J \\u t (t)\\ 2 L2{n) dt 



s-\-h r-\-h 

i 

+- 



\ J \\^(t)\\ 2 L2{n) dt-^ J \\Vu(t)\\ 2 L2{n) dt 
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and 



\j ( 9 (^Ht + h)) - 9 {v,V(t + h)), + ,„ 



+ 



\J{ g {^Kt))- 9 ^\t)l u{t + h l- u{t) ) d t 

T 

u(t + h) - u(t) 



<cj (IKi + /i)|| L2(n) + IKt)|| ia 



2 (o) 



dt. 



L 2 (fi) 



integrating (3.27) on (r,T) with respect to s, passing to the limit as h \ and taking into account 
Lemma A.4-A.5, we get 

T T T 

J IM*)||i2(n) ds + \j H Vu ( s )lli 2 (fi) ds + J \\^ u t(s)\\ 2 L 2 {n) ds 

T T T 

T s+h 

< ^ limsu P^ / / IKMH^(fi) dtds + ( T -t) I|V«(t)|| 2 l2(0) + c(T - r) |K(r) 



L 2 (J2) 



1 S 

2c|y ||«(t)|| L2(n) \\u t (t)\\ L2{Q) dtds, V[r,T] C (0,1). 





(3.28) 



By Lebesgue's convergence theorem, we find 



lim — 

h\oh 



T s+h 



2 1 

\Mt)\\mn) dtds = lim^ 



T h 



T 1 



/i\0 



«t( s + *)llz,2 ( a) dtds = lim / / ||u t (s + Milken) 



T 



T 



1 T 



1 T+/l<7 



= lim / / IK(* + ha)\\ L2(n) dsder = lim 



/i\0 



Mr) 



L 2 (n) 



= /lM 



t )IIl 2 (o) 



dr. 



Or r+ha 

Hence, taking the last equality into consideration in (3.28) and then passing to the limit as r \ 0, 
we have 

T T s 

J (h t ( s )|| 2 L2(f2) + ||v u ( s )||i 2(f , ) )rf s <2 C | J (\\u(t)\\l 2{n) + \\u t (t)\\l 2(n) )dtds, vre[o,i]. 



S , 

Denoting y(s) = J (\\u(t)\\ 

l 2 (o) + IK(*)llz, 2 (n) ) b y tnc l ast inequality, it follows that 

T 

y(T)<2cfy(s)ds, VT e [0,1]. 
o 

Thus, applying Gronwall's lemma, we obtain y(s) = and consequently u(s, .) = 0, for every 

se[o,i]. □ 

Now, putting (w(l), w t (l)) instead of (w ,wi) in (2.1), by Lemma 3.1-3.3, we see that the problem 
has a unique weak solution v(t, x) on [0, 1] x Q with v € C([0, 1] ; L°°(f2)). Also, it is easy to see that 

the function w(t, x) = < „, X ^„ is a weak solution to (2.1) on [0,2] x 

v ' ; \ v(t - l,x), V(i, i)e(l,2]xfi v ' 1,1 

with {5 <G C([0,2] ;L°°(f2)). Hence, continuing this procedure we can extend the weak solution of 

(2.1) to [0,T] x ft, for every T > 0. Furthermore, the inequalities (3.14) and (3.26) also can be 

extended to [0,T], which give us (2.5). 
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Denoting H(t,x) = -g(w(t,x) + h(x), by (3.26), we have H e L°°(0, T; L 2 (£l)). Also, due to 
(2-1), 

w tt - Aw t + f(w t ) -Aw = H(t, x) in (0, T) x ft, 

w = on (0,T) x <9ft, (3.29) 

w(0, ■) = wo , w t (0,-) = wi in ft. 

Applying the techniques of the proof of Lemma 3.3, we can say that the function w G C([0, T] ; ffo(ft)n 
L°°(ft)) with w t e C s (0,T;L 2 (ft)) n L 2 (0, T; ^(ft)), is a unique solution to (3.29). 
Formally multiplying (3.29) by w u and integrating over (s,T) x ft, we obtain 

T 

^ y IK*WII^ (n) dt + I ||V^(T)|| 2 2(n) + (f>(T)), 1) + (Vt«(T), Vw t (T)) 

S 

T 

< J ||V«; t (t)||^ (n) dt+^||V«; t ( a )||^ (n) + <F(«;( a )),l) 

S 

T 

+ {Vw{8),Vwt(a)) + lJ \\H(t)\\ 2 L2{n) dt, 

s 

w 

where F(w) = Jf(s)ds. Integrating the last equality on [0,T] with respect to s and taking into 
o 

account (2.2) and (2.5), we find 

T T 

/ / lktt(t)||i2 ( n)*d»<c(r,||(«;o,«;i)|| (Ho i (n)nLO o ( n)) X i,2(n))- ( 3 - 30 ) 

s 

Since the problem (3.29) admits a unique solution, using Galerkin's approximations one can justify 
(3.30). So, by (3.30), we have w tt S L 2 OC (0, T; L 2 (ft)), which together with io t e C s (0, T; L 2 (ft)) and 
(3.1) implies that w t e C([0, T] ; L 2 (ft)). 

Thus, to finish the proof of Theorem 2.1, we just need to show (2.6). Let w, v e C([0, T]; i?g (^) ^ 
L°°(ft)) n ^([0, T]; L 2 (ft)) n Vt^ 2 (0, T; ^(ft)) n W%*{0, T; L 2 (ft)) are the weak solutions to (2.1). 
Then due to (2.1)i, the function u(t, x) = w(t,x) — v(t,x) satisfies the equation 

u tt - Aut + f(w t ) - f(v t ) - Au = g(v) - g(w). 

Testing the above equation by 2u t on (s, t) x ft and taking into account (2.2) and (2.5), we get 

t 

IkWII^n) + ||Vu(t)||* a(n) <Mj (|| Ut (r)|| 2 L2(f2) + ||V W (r)|| 2 L2(n) ) dr 

S 

+ \\Ms)\\ 2 mn) + HV«( 5 )|| 2 L2(f2) , < a < t < T. 
Therefore, applying Gronwall's lemma, we obtain (2.6). 



4. DlSSIPATIVITY AND ASYMPTOTIC COMPACTNESS 

We begin with the following dissipativity result. 

Lemma 4.1. Assume that the conditions (2.2)-(2.4) are satisfied. Then for every bounded subset 
B C (#o(ft) n L°°(ft)) x L 2 (ft), there exists c B > such that 

sup \\S(t)ip\\ iHlmnLx , m)xL2(n) < c B , Vt > 0. (4.1) 

tp£B 
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Proof. Let tp E B and (w(t),w t (t)) = S(t)ip. By (2.5), immediately, it follows that 

m)<p\\ Hi{a)xL , (a) <4\ Vt>0. (4.2) 

Denote by v^ s ' (t, x) the weak solution of (3.15) with (w(s),Wt(s)) and w(t + s) instead of (wo,Wi) 
and w(t), respectively. Also, denote u^(t,x) = w{t + s, x) — v^(t,x), for (t,x) G [0,1] x and 
s > 0. Then by Lemma 3.2-3.3 and (2.5), we find 

IK* + L°°(fi) < \\w(s)\\ Lao[n) 

t+s 

+ cj ( gi (w(T)),w(T)) dr + c%\ Vt e [0, 1] and Vs > 0. (4.3) 

s 

Testing (2.1) by w(t, x) on (s,t|s)xfl and taking into account (2.5), we get 

t+s t+s 

J { gi {w{r))Mr))dT<- J (/iK(T)),«)(r)) dr + 4 3) 
t 

= -/ {h{wt{T + s)),w{T + s))dT + c^\ Vt e [0, 1] and Vs > 0. 
o 

Applying Lemma A. 6 to the integral on the right hand side of the last equality, gives us 

t+s t 

J (9i(w(t)),w(t)) dr < \\w(s)\\ LOO{n) J (fi(w t {T + s)),w t {T + s)) dr 

s 
t 

+ / (/iK(r + s)),w t (T + s))dr+ ||/i|| c[ _ MiM] ||w;(s)|| il(0) 



t 

+ J \(fl(-W t (T + s)),W t (T + S ))\dT, (4.4) 


for every M > 0, t € [0, 1] and s > 0. So, by (2.3), (2.5), (4.3) and (4.4), we have 

(4) 

IK* + s)\\ LOO(n) < (e-* + \\w(s)\\ LOO{n) + 4 4) (1 + ||/i|| c[ _ M , M] ), (4.5) 
for every M > 0, t e [0, 1] and s > 0. Choosing t = 1 and M = ec^ in (4.5), we obtain 

2 „(B) 



IK* + l)IL<»(n) ^ - IK*)ll£«(n) + c b i Vs ^ °- 



Thus, by the last inequality, it follows that 

||w(n)|| ioo(0) < y-j \\wo\\ LOO{n) +Cs — - 
and consequently 

IK™)lli/~(n) < ll^o|| L oc (n) + — -c%\ yneZ+. (4.6) 
Since for every T > there exist tit € Z + and S [0, 1) such that 

T = n T + t T , 

by (4.5) and (4.6), we get 

\HT)\\ LOO{Q) < cf, VT>0, 
which, together with (4.2), yields (4.1). □ 

Now, we will show asymptotic compactness of {S(t)}^ in (Hq (Q) n L°°(Q)) x L 2 (0). 
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Lemma 4.2. Let the conditions (2.2)-(2.4) be satisfied and B be bounded subset of (Hq(Q) n 
L°°(Q)) x L 2 (Vt). Then the set {S(t m )ip m }™ =1 is relatively compact in (H^{n) n L°°(0)) x L 2 (Vl), 
where t m -> oo and {9? m }^ =1 C -B. 

Proof. Stepl. We first prove relatively compactness of {S(t m )(p m }m = i m ^o(^) x L 2 (Vl). For any 
T > and m e N such that i m > T, let us define 

(«4 T) (t), (*)) = S(t + t m - T)<p m . 

By Lemma 4.1 and (2.5)i, it follows that 



+ 



Z 

I 



ff 1 (n)ni°°(o) 
t 



Vt«£?(s) 



L 2 (n) 



ds - 



L 2 (fi) 

ds < ci, Vi > 0. 



(4.7) 



Then, by Banach-Alaoglu theorem, there exist a subsequence {wrJ2(i)} and a function w 

I J n=l 

L x (0,T;Hl ) (n)nL° o (n))nW 1 - oo (0,T;L 2 (n))nW 1 ' 2 (0,T-,H^(n)) such that 



-> tu(i) weakly star in L°°(0,T; H&(fl) n 



(T) 



(t) -> io t (i) weakly star in L°°(0, T; L 2 (f2)), 



(4.8) 



[ -+ tu t (t) weakly in L 2 (0, T; ^(fi)). 

Testing the equation 

+ . 9 (<))- 3 (^) = o 

by 2{w) n ) t — w m \) on (s,T) x and taking into account (2.2) and (4.7), we find 



(4.9) 



«C(T)-<,tCn r + V(wW(T)-w%>(T)) 



L 2 (n) 



2 

L 2 (n) 



L 2 (fi) 



dt < 



L 2 (0) 



2 

L 2 (Q) 



- C 2 



L 2 (n) 



Also, testing (4.9) by (wml — Wml) on (0, T) x Q and considering (4.7), we get 



V(«,£(t) -«,£?(*)) 



i 2 (n) 



rft < c 3 + 





T 

/!»<£(*)-<?(«) 



(T) 
y m fe t 



(*) 



L 2 (f2) 



dt 



L 2 (fi) 



+ 



/ (/(«£») - /(^StWJ.^w - <?(*)) <** 



which, together with (4.10), implies that 



L 2 (n) 



dt 



V(«;£(f) -«,£?(*)) 



L 2 (0) 



(4.10) 
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< C 5 + C 6 



L 2 {n) 



dt- 



f{wZ\{t)) - f(w^Jt)),w^(t) - w<p(tj) dt 



(4.11) 



Integrating (4.10) over (0,T) with respect to s and taking (4.11) into consideration, we obtain 



T 



iiffi(T)-«CtCO 



(T) 



L 2 (fi) 
T 



T 



v( w L T 2(r)-^(r)) 



2 

L 2 (n) 



< 



C5 + C7 (l + T)/ ttf£>(t) -«><£(*) 



L 2 (n) 



/(«£*(*)) - /(«St(*)).^(*) - W S (*)) * ■ 

By using the compact embedding theorem (see [H]), from (4.8), it follows that 



(4.12) 



lim 

n.k— voo 



«£2(t) -<?(*) 



L 2 (n) 



d< = 



and taking into account (4.7), we have 



lim suplim sup 

n— ¥oo k^ao 



< lim suplim sup 



/(<!*(*)) - /(«2t(*))»^(*) - <?(*)) rfi 



{i:ief! |u; m „ t (t,x)|>l} 



< cglimsup / (fi(w^ t (t)),w^ t (t)) dt + c 8 limsup / w^ t (t) 



L 2 (fi) 



dt < Cg. 



Hence, passing to the limit in (4.12), we obtain 



cio 



lim suplim sup 1 1 S(t mn )tp mn - S{t mk )ip mk \\ H}(n)xL2(n) < — , VT > 



and consequently 



lim limsup||S(t m Jp m „ - S(t mh )y mk \\ H u n)xL2 , n) 



(4.13) 



n— ^oo t._ 

So, passing to the limit in the inequality 

|p(*m„)<?m„ — S{t mu )ip mv ||/f-i(n)xL 2 (0) 

< limsup||S , (t mn )9? m „ - S'(t mk )¥>„ l J| i rt (n)xia(n) +limsup||5(i m J^ mfc - S(t m J(p m J H i {n)xL2(n) 

k— foo fc— J-oo 

and taking (4.13) into consideration, we get 



lim \\S(t mn )<p mn — S(t m „)ip mv \\m(si)xL 2 (Q) 



0. 



Thus, the subsequence {S(t mn )cp mn }'^' =1 is a Cauchy sequence in Hq(Q.) x L 2 (f2) and consequently 
converges. By the same way, we can show that every subsequence of {S(t m )ip. m \'^ i=1 has a convergent 
subsequence in Hq(Q.) x L 2 {VL). This gives us relatively compactness of {S(t m )ip m }^ =1 in Hq(Q) x 
/. 2 (Oj. 
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Step2. Now, let us prove relatively compactness of {w m (( m )}™ =1 inL°°(0), where {w m (t),w m t(t) = 
S(t)ip m . By the relatively compactness of {S(t m )ip m }^ =1 in Hq(SY) x L 2 (f2), for any S > there 
exist Tg > and Mg > such that 



/ 



(|Vw m (t,x)| 2 + |w mt (i,x)| 2 )da;<(5, Vt > T 4 . (4.13) 

{x-.xen |w mt (t,x)|>M 4 } 
Testing the equation 

w m tt - Aw mt + f(w mt ) - Aw m + ff(tu m ) = h 

{w mt +M s , w mt <~Mg, 
0, \w m t \ < Ms, on (s, s + 1) x and taking into account (4.13), we find 

«W - Mi, w mt > M s 

s+l 

J J fi(w m t(t,x))(w mt (t,x) - M s )dxdt 

s {x:xeU w mt (t,x)>M$} 

s+l 

+ J J fi(w m t{t,x))(w mt {t,x) + Mg)dxdt < cuS, Vs > Tg, 

s «i m ,(t,i)<-M f ) 

and consequently 

s+l 

J J f 1 {w mt (t,x))w mt {t,x)dxdt<2c 11 6, Vs>T s . (4.14) 

s |io mt (i,i)|>2M f } 

Now, denote w^t, x) = w m (t+r, x), f^(y) = j / Q lW ' |Jjf'> ,^e(t,x) = (l+£+A 1 )<„ i (t,x)+ 

<(t,z) - ff«(t,z)) - A M « t (t,x)) and $( y ) = / x (y) - ( y ) + £ y, where M > 1 and 

e e (0, 1). Decompose as w^(t) = t£ m (t) + u£ m (i), where t£ m (t) and i£ m (i) are solutions of 

the problems 

" Kmtt ~ &< m t + < m t ~ A< m = r e (t, x) in (0, 1) x 0, 

< m = on (o, i) x an, 

< m (0,-)=<(0), < rot (0,-)=< t (0) in 0, 

and 

Kmtt- Au lmt+Kmt- A <m = - $ £«nt) m (0, 1) X fi, 

u T sm = on (0, 1) x 90, 

< m (0,-) = 0, < mt (0,-) = in 0. 

By using the techniques of the proof of Lemma 3.2, one can show that 

||< m (l)- e -V„(0)||^ (o) < ^(1 + II/i|Ic[-m,m]), Vae [0,2). (4.15) 

Also, using the arguments of the proof of Lemma 3.3, we have 

2e 

Km(*)ILoo (n) < (2 _ a)(1 _ a) 
/ oo / / \ 1 

+ i / / ^ d Aj^ w Us)), W Us))ds, Vie [0,1], (4.16) 

\*-i(e) -1X3 / 

where a € (0, 1). By the definition of $, it follows that 

$ _1 (£) = 1 and $ _1 (-e) = -1. 
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Hence, 



* M oo 

v + / — -A-dv = 2 / — dv + / ,„ u , r<fo 



7 J v 2 J v(fi(v)+ev) 



M 



M oo oo — 1 



v(fi(v)+sv) J v 2 J vfi(v) J vfi(v) 

— oo 1 1 — oo 

Taking into account the last estimate in (4.16), we obtain 

l 

IKm(*)lli- ( n) < £C3 + / J fi{w T mt {t,x))w T mt {t 1 x)dxdt 

{x:x£Sl \W^ t (t,x)\>M} 



T+l 




h(w m t(s, x))w mt (s, x)dxdt, Mt G [0, 1] and Vr > 0. (4.17) 



T {x-.xGfl \w mt (s,x)\>M} 

Thus, by (4.14)-(4.17), we conclude that for any S > there exist Mg > and Tg > such that 
^(r + ll-e-^WeOffB^rfM^)), Vr > Tg, 

where r(Mg,s) = ^(1 + ||/i|| c[ _ MiM] ), B(0,r) = {u : u € H'(Q), |M| Hs(0) < r}, a € (1,2), and 
O|°(B(0,r) is ^-neighbourhood of B(0,r) in L°°(fi). Since 

» m (T + n) - e~ n w m (T) 
= + n) — e~ 1 w m (r + n — 1) + e~ (w m (T + n — 1) — e~ «; m (T + n — 2)) + ... 

+e- n+1 {w m (T + 1) - e-VW), 

by the last conclusion, we have 

Wm (r + n) -e-" Wm (r) € 0^(5(0, nr(M«, a)), Vr > f,. 
By (4.1), for any e > there exists n e £ N such that 

e~ n ' \\w m (T)\\ L ^/ n) < ^, Vr > and Vra € N. 
Choosing (5 = , by the last two relations, we get 

w m (T + n e ) €O£(B(0,r B (»)), Vr > f s and Vs e (1, 2). (4.18) 

3 

where r e (s) — n e r(Mg, s). By the compact embedding H s (fl) c L°°(fi), for s > 1, it follows that 
B(0, r e (s)) is relatively compact subset of L°°(SY). Hence, by (4.18), the set {w m (r + n e )} r> f and 
particularly, {w m {tm)}m=i has a finite e-net in L°°(Q). Since e is arbitrary positive number, we 
obtain relatively compactness of {w m (t m )}^ =1 in L°°(fi), which, together with the compactness 
proved in Stepl, completes the proof. □ 



Since, by (2.2) and (3.14), the problem (2.1) admits a strict Lyapunov function L(w(t)) = 
3 IM*)ll£"(n) + l\\V w (t)\\l*(n) + (G{w(t)),l) - (h,w(t)), by Lemma 4.1-4.2 and [24, Corollary 
2.29], we have Theorem 2.2. 
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Appendix A. 

Lemma A.l. Let £1 C R N be a bounded domain with smooth boundary. Then for uq e ifg(f2) n 

L°°(Q), there exists a sequence {u n } C Cq°(CI) such that 

J^J^o -u n \\ H i (n) = and sup||u n || c(n) < ||uo|| L °°(fi) • 

Proof. By the definition of Hq(SI), there exists {v n } C C§°(Q) such that 

v n — > m strongly in H (SY). 

Then there exists a subsequence {w Ilfc } C Co°(Q) such that 

v nk — > Mo a - e - in (A-l) 

r -M , M„ fc (x) < -M , 
Let M = ||uo||i,oo(n). Setting w k (x) := < v nk , \v nk (x)\ < M , we have M>fc € i?o(^) n C(Q), 
[ M , v n „(x) > M 

sup ||iOfc|| c ./f2) < M , {x : x eft, Wk ^ 0} C and 
fc 

limsup ||V(uo — Wfe)|| I/2 /Q\ = limsup / | Vm (:e)| 2 c?x 

fc— >oo fc— >oo J 

{x: \v„ k (x)\>M ] 

<limsup / \Vu {x)\ 2 dx = / |Vm (x)| 2 dx. (A.2) 

fc U^{x: |t»„ fc (x)|>M } ^^{i: |w„ fe (x)|>M } 

Let A be a subset of fi, where a sequence {v nk } does not converge to m . Then we have 

n U {x : \v n .(x)\ > M } C {x : \u (x)\ > M } U A. (A.3) 

m k>m 

Since, by (A.l), mes(A) = 0, taking into account (A.3) in (A.2), we find that 
limsup ||V(uo - Wk) II i,2 (n) < / \Wu (x)\ 2 dx 

{x: \u (x)\>M }UA 

= J |Vmo(x)| 2 dx. 

{x: |« (x)|>M } 

Also, considering 

mes ({x : \u (x)\ > M }) = and J | Vm (x)| 2 dx = 0, 

{x: |u (x)|=M } 

in the last inequality, we obtain 

Wk — > Mo strongly in H (Sl). 

Now, to complete the proof, it is sufficient to show that for any w G Hq(CI) n C(fi) with 
{x : x e ft, w 7^ 0} C fi, there exists {m„} C Cfi°(Q) such that 

J™, II™ - u n\\ H i(n) = and su Plk>|lc(r2) < \\w\\c(Ti) ( A - 4 ) 

Denoting TZJ(x) = | jijNn^q and = (Pn * w ){x), we have {x : x G 0, m„ 7^ 0} C O for 

sufficiently large n, {m„} C C°°(R n ), 

lim ||w - w n ||iji(ij2) = and sup ||M„|| Loo(i?2) < ||iu|| C (jj) , 
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where * denotes the convolution, p n (x) = j K ™ e 1 ™ ' ^ ^j^i™' , n € N and K^ 1 = 

i 

J e i-m 2 rfx. So, the restriction of the sequence {«„} to £1 satisfies (A. 4), for sufficiently 

{x: \x\<l} 

large n. □ 

Lemma A. 2. Let Q C R N be a measurable set with finite measure and <p a continuous function on 
R such that <p(s)s > for every s e R. If 

u n — > u a.e. in Q and sup / <p(u n (x))u n (x)dx < oo, 

n J 

Q 

then 

lim, \\<P«) - p(u)|| L i( Q) = 0. (A.5) 
Proof. By the continuity of </?, we have 



y \tp(u n (x))\ dx < J \tp(u n (x))\ dx 

Q {x:x£Q, |«„(x)|<l} 

+ J \ip{u n {x))\dx < \\ip\\ c[ _ 1A] mes(Q) 

{x:xeQ, |u„(x)|>l} 

+ J ip(u n (x))u n (x)dx. 



Q 

So, <fi(u n ) e L 1 (Q). Applying Fatou's lemma, we have 



/ip{u(x))u{x)dx < liminf / <p(u n (x))u n {x)dx 
rwoc J 



< CO, 



Q Q 
which, as shown above, yields ip(u) e L 1 (Q). Also, by Egorov's theorem, for any e > 0, there exists 
Q E C Q such that mes(Q\Q e ) < e and 

u n — > u uniformly in Q e . 

Now, denote A k = {x : x e Q, \u(x)\ < k} and A nk — {x : x <G Q, \u n (x)\ < k}, for k > 1. By the 
last approximation, we get 

<p{u n ) — > uniformly in Q e fl Aj. (A. 6) 

Since, for sufficiently large n, 

|v?(u„(a;)) - <p(u(x))\ dx < jr~j J (fi(u n (x))u n (x)dx 

Qe\A k Q 
+ - 



1 f 

-— / ip(u(x))u(x)da 



Q 

using (A. 6), we obtain 

limsup/ \ip(u n (x)) — ip(u(x))\ dx < limsup / \ip(u n (x)) — ip(u(x))\ dx 

n— 7-oc J n— t-oo J 

Q Q E nA k 
+limsup / \ip(u n (x)) — ip(u(x))\ dx + limsup / \<p(u n (x)) — ip{u{x))\ dx 

n—>oo J n— >oo J 

Qe\A k Q\Qs 

< limsup f tp(u n (x))u n (x)dx + — f (p(u(x))u(x)dx 

K 1 n— too J tz J 

Q Q 
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+limsup / \ip(u n (x)) — ip(u(x))\ dx. 

n— >oo J 



Q\Qe 

Passing to the limit as k — > oo and e — > 0, we find 



limsup/ \ip{u n (x)) — ip(u{x))\ dx < lim suplim sup / \(p(u n (x)) — ip(u(x))\ dx. (A. 7) 

n— t-oo J £—5-0 n— 7-oc J 



Q Q\Qs 
Now, let us estimate the right hand side of (A. 7). 

J \ip(u n (x)) - (p(u(x))\ dx < J \ip(u n (x))\ dx + J \tp(u(x))\dx 

Q\Qe Q\Qe Q\Q C 

< ^ J tp(u n (x))u n (x)dx + -j- J ' tp(u(x))u(x)dx 
Q Q 

\ip(u n (x))\ dx + J \ip(u(x))\dx 
(Q\Qe)nA rlk (Q\Q e )nA fc 



i J \p{u n {x))u n {x)dx + ^ J ' ip(u(x))u(x)da 
Q Q 

+ 2 IMIc[-fc,fc] mes(Q\Q e ) 



and consequently 

limsuplimsup ( \ip(u n (x)) — tp(u(x))\ dx < — f f(u(x))u(x)dx 



Q\Qc 



1 /" 
+— limsup / tp(M„(a;))u„(a;)(ix. 

Q 

Passing to the limit as k — >• oo, we obtain 

limsuplimsup / |(ys(w„(x)) — <p(u(a:))| (ix = 0, 

e— >0 n— t-oo J 

which, together with (A. 7), gives us (A. 5). □ 



Lemma A. 3. Let O C R N be a bounded domain with smooth boundary and h G ^((OjT) x O). // 
n L 2 (Q, T; Hq (Q,)) with lim ||w(i)||£i(Q) =0, is a solution of 

u t (t,x) - Au(s,x) = h(t,x), (t, x) e (0, T) x Q, . . 

w(t,a;)=0, (t,x)e((0,T)x<9O)U({0}xO) 1 ^ 

t 

\u(t, x)\ < — ~Tv" / " ^-Tv / e-^T \h{s, y)\ dyds, a.e. in (0, T) x ft, (A.9) 

(47r)^" J (t — s)^ J 

where C s (0, T; = { u : w e L°°(0, T; / ^(x)u(-, € C[0,T] for every 

p e L°°(n)}. 
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Proof. Let t „(r) = < 



0, Vr e [0, £), 

2n(r-£), Vre[£,i), 

1, Vre[it-i), 

2«(*-^-t), Vre[t-i t-^] 

0, Vre(t-^,t] 

wx, |x| < i, , 5 fe (i) = 
1, x > h 



. Also denote 



Mk 2 e 1 W, |t| < 1, where ^ ! 

0, 



Je i^dt. Testing (A.8)i by (9 Tn (t)S k (s - i) on (0,r), we get 

— (9 Tn u(., x) * 4)(s) - a;)^ n * 5 k )(s) - A(0 Tn u(., x) * S k )(s) 

= (h(., x)6 Tn * 5 k )(a), (a, x) e (0, t) x 0, r e (-!-, T). 
Testing the last equation by (p m ((9 T nu) * Sk)(s,x)) on (^,t) x O, we obtain 

J <S> m ((0rnU(., X)) * 5 k )(T))dx - J $ m ((0 rn lt(., x)) * S k )(^-))dx 



t 

J JW.,X)8' T , 



* 5 k ){s)ip m ((9 Tn u(.,x)) * 8 k )(s))dxds 



3n 



< 



J J \{h{.,x)9 Tn *5 k )(s)ip m ((9 rn u(.,x))*5 k )(s))\dxds, (A.10) 



3n 



where 3> m (f/) = J ip m (x)dx. By the definition of 9 tn , S k and <p m , we have 



lim f$ m ((9 Tn u(.,x) * 5 k )(±))dx = 0, 



lim f$ m ((6 Tn u(., x) * 5 k )(r))dx = 0, 

T 

lim / /(u(.,a;)^ n * 8 k ){s)^m{{6 Tn u{.,x)) * 5k){s))dxds 

T 

= / (6 rn (s)u(s, x))dxds, 

j_n 

2n 

T 

lim sup// \(h(.,x)6 Tn * 8 k )(s)ip m ((9 Tn u(.,x)) * S k )(s))\dxds 
fe^oo j_n 

r t 

< lim sup/ / a:)# T „ * S k )(s))\ dxds = J J \h(s,x)9 Tn (s)\dxds. 
Thus, passing to the limit in (A. 10) as k — > oo, we obtain 

r r 

— y J u(s,x)0' Tn (s)tp m (9 Tn (s)u(s,x))dxds < J J \h(s,x)9 Tn (s)\ dxds 
j- n j_ n 

Now, take the limit in the last inequality as m — > oo, we find 



2n 



u ( s )llii(o) rfs - 2 " / IK s )llz,i(fi) ds < / IIM s )llLi(n) ds - 



(A.ll) 
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Since u G C s (0,T; Li(0)), by the weak lower semi-continuity of the norm, it follows that 



lim inf2n 

n— >og 



Also, by the condition lim |]tt(i) lli^ffa) = we have 



^nx2nj \\u(T)\\ LHn) d,T = 0. 

1 

2?! 

Hence, passing to the limit in (A.ll) as n oo, we get 

IKi)|| il(n) < II^IL I( (o,*)xn)> Vte[0,T]. (A.12) 

Define ff(i,a;) = j q^'^) e'^+i^f^T^fi ' Hm ^ x ) = {H*p m ){t,x) and H m (t,x) = (\H\ * 
p m ){t,x). Since ff m G C (i? A ' +1 ) and i? m G C (i? Ar+1 ), the problems 

u mt (t, x) - Aw m (s, a;) = ff m (t, x), (t, x) € (0, T) x fi, 



u m (*, x) = 0, 0, x) € ((0, T) x U ({0} x ft) 

and 

' v mt (t, x) - Av m (s, x) = H m (t, x), (t, x) G (0, T) x R N , 
v m (t,x)=0, (t,x)e{0}xR N 

have unique smooth classical solutions. By (A.12), it follows that 

\\u(t)-u m (t)\\ L i(n)<\\H-H m \\ L1(mxa) , Vt€[0,T]. (A.13) 

On the other hand, applying Duhamel's principle (see [25] p. 49]), we get 

t 

1 f 1 f |x-j,| 2 

Vm(t,aO = jT- / w / e *(t=tTH m (s,y)dyds. (A.14) 



(4tt) 2 J (t-s) 

y > V ' R N 

Denoting w m (t, x) = v m (t, x) — u m (t, x), we have 

w mt (t, x) ~ Aw m (s, x) > 0, (t, x) G (0, T) x SI, 
w m (t, x) > 0, (t, x) G (0, T) x ao, 

iu m (t, x) = o, (t, x) e {0} x ri. 

So, by the maximum principle, it follows that 

w m (t, x) > or v m (t, x) > u m (t, x), \/(t, x) G [0, T] x fl. 
By the similar way, one can show that 

u m (t,x) > -v m {t,x), V(i,x) G [0,T] x O. 

Hence, 

|«m(t,a;)| < v m (t,x), V(t,x) G [0,T] x fi, 
which, together with (A.14), yields 

t 

1 f 1 



u m (t,x)\ < - / - / e -^T H m (s,y)dyds, V(t,x) G [0,T] x ft. (A.15) 

(4ttW 



77 < v 

Since 

t 



L_ f e W^JH m (s,y)dyds- [ ^—^ [ e fe^3 |/i(s, y)| rfyds 
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< J J ^—g J e \H m (s,y) - \H(s,y)\\dydsdx 



(t-sV 

t 

r 1 C x-y| 2 

77 TO (s,y) - \H(s,y)\\ — e *(*-*> dxdyds 

(t-s)*J 

R N \ I R N 

t 

" (4?r)f / / Wm(s,y)-\H(s,y)\\dyds 



iv 

= (47r)T-|||H|-|fr|* ftn || il((0it)xn) , Vte[0,T], (A.16) 
passing to the limit in (A. 15) and taking into account (A. 13) and (A.16), we obtain (A. 9). □ 

Lemma A. 4. Let Q C R N be a measurable set of finite measure and if an increasing continuous 
function such that <p(0) — 0. Further assume that Vi G 7°°(0, T; L°°(Q)) and vu G L 1 {f),T\L 1 {Q)), 
1 = 1,2.7/ 

T 

(\cp(v it (t,x))\ + \(p(-v it (t,x))\) \v it {t,x)\ dxdt < oo, i = 1,2, 
o Q 

then 

t a 

limmf J J J Mv 2t (T,x)) - v(v u (t,x))) w{t + k ' x) ~ Kx) dxdrda > 0, (A.17) 

s s Q 

for every [s,i] C (0,T), where w{t,x) = v 2 {t, x) — V\(t, x). 
Proof. By the conditions of the lemma, it follows that 

T T 

\ip(v it (t,x))\ dxdt = J J \(p(v it (t,x))\dxdt 

Q {x:x£Q,\v lt (t,x)\>l} 

T 

+j J \<p(v lt (t,x))\dxdt 

{x:x£Q,\v it (t,x)\<l} 

T 

< J J \(f(v lt (t,x))\\v it (t,x)\dxdt 

{x:xeQ,\v it {t,x)\>l} 

+Tmes(Q) < °°> * = 1>2. 

Therefore, the integral in (A.17) is well defined. 

t t 

Now, let us denote M v (t) — Jip(s)ds, N v (t) — Jip~ 1 (s)ds and g(t) = —cp(—t). By Young's 

o o 
inequality (see [551 P- 12]), we have 

uv < M v (u) + N v (v), Vw, v > 0. (A. 18) 

If it < and v < 0, then again by Young's inequality, 

uv = -u{-v) < M g (-u) + N g (-v) = M v {u) + N v (u). 

Since the right hand side of (A. 18) is nonnegative for all u, v G R, in the case uv < 0, this inequality 
is trivial. Hence, the inequality (A. 18) holds for all u,v G R. Therefore we conclude that 

uv = -u(-v) > -M v {u) - N v (-v), Vu, v e R. (A.19) 
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-M, x < —M, 
Denote <Pm{ x ) = { tp{x), \ x \ < M, . Since, by definition, 
M, x > M 



lim 



w(- + h,) -w(- -h,) 

wt{-,) 



2/i 



= 0, Vi 6(0,10, 

L 1 ((0 : t)xQ) 



we have 

w(t + h, x) — w(t — h, x) 



Wt(t, x) in the measure as h \ 0. 



2h 

Hence, applying Lebesgue's convergence theorem and taking into account the monotonicity of <pm, 
we get 

t a 

lim J J J {^M{vit{r, x)) - <Pm{vu(t,x))) w ( r + fe? — ^h^L^xdrda 

s s Q 

t a 

' f 

(¥>M(v2t{~r, x)) - <pm(vu(t,x))) w t (T,x)dxdTdcr > 

s s Q 

and consequently 

t a 

w(t + h, x) — w(t — h, x) 



limdnfy / / (tp(v2t(T,x)) - <p(vu{t,x))) ; — — - — dxdrda 



s s Q 
t a 



v ■ i / / / i i i \\ i i ^ v 2(r + h,x)-v 2 (T-h,x) 
>limmf / / / ((p(v2t(T,x)) - <pM(V2t(T,x))) — dxdr 



h\0 



s s Q 

t <T 



+liminf/ / / (^(u 2t (r, x)) - cpM(v2t(T, x))) — h i x ) v i( T + h > x ) fadrda 



h\0 



s s Q 
t a 





2h 




Vi(t - 


h h, x) — Vi(t 


— h, x) 




2h 




v 2 {t - 


- h, x) - v 2 (t 


+ h, x) 


2h 



+liminfy / / (ip(v lt (T, x)) - <Pm(vu(t, x))) 1 — ■ — dxdrda 

s s Q 

t <T 

+limdnf f [ [ ( v -| /•,,( r..r)) - s u \c u [r..r))) — — " ' d.rdrda 

s s Q 

=: I^(s, t) + 7 2 M (s, t) + 7 3 M (s, t) + I 4 M (s, t), V[s, t] C (0, T) and VM > 0. (A.20) 

Now, let us estimate each I^(s,t) (i = 1,2,3,4). By (A. 19) and Jensen's inequality for convex 
functions (see (251 p. 62]), we have 

t a 

/f(i) = liminf J J J (<p(v 2t (T,x)) - <p m (v 2t (T,x))) ^ + K x) ~^ {T - K x) dxdrda 

s s Q 
t a 

> - 



s s {x:xeQ,\v 2t (T,x)\>M} 



J N v (<p(v2t(T, x)) ~ <p m (v 2t (T, x))) dxdrda 

•2t(T,x)\>M} 

lim sup J J J M v I — J — v 2 t(T + (J>h,x)d(i J dxdrda 



8 8 {x:x£Q,\v 2t (T,x)\>M} 
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t a 

> 



J J J N v (ip(v2t(T,x))) dxdrda 



s s { X :xeQ,\v2t(T,x)\>M} 
t a 1 

— -limsup/ / / M (p (—V2t{T + iJ,h,xj)dfidxdrda. (A. 21) 

2 h\o J J J J 

s s {x:x£Q,\v 2t (T,x)\>M}-l 

By the definition of N v and M v , we obtain 

t a 

N v (ip(v2t(T, x))) dxdrda 

s s {x:x£Q,\v 2t (j,x)\>M} 
T 

<tJ J ^{v 2t {T,x))v 2 t{T,x)dxdT, (A.22) 

{x:x£Q,\v 2t (r,x)\>M} 



and 



l 



limsup / / / M v (—V2t(T + nh,x))d[idxdTda 

h\o J J J J 



s s {x:x£Q,\v 2 t(T,x)\>M}-l 
t a 



<2 / / M v (-v 2t (T,x))dxdTda+ 



s s {x:x£Q,\v 2t (T,x)\>M} 
1 t er 



+limsup J J J J \M V (—V2t(r + fih,x)) — M v> (—V2t(r,x))\dxdrdadfi 



-Is s Q 
t a 



<2// / \(p(-v 2 t(r,x))\ \v 2t {T, x)\ dxdrda 



s s {x:xGQ,\v 2t (T,x)\>M} 
1 t a 



+ limsup/ / / / \Mtp(— v 2 t(T + fih, x)) — M v (— v 2 t(T, x))\ dxdrdadp,. (A. 23) 

h\fl J J J J 

-1 S 3 Q 

Now, to pass to the limit under last the integral, we apply Lebesgue's convergence theorem. Since 
v 2t € L^TitfiQ)), we have (see [2H Remark 3.2]) 



h\,0 

which yields 



lim / / \v2t{r + fih,x) - v 2 t{r, x)\ dxdr = 0, V[s, a] C (0, T), 



V2t(~ + hfx, ■) — > i>2t( - , •) in measure as /i — > 0. 
Also, for /n e [—1,1] and sufficiently small ft, > 0, it is easy to see that 



s Q 

< 



v 2t( T + ^h,x)) - M 9 {—V2t{r, x))\ dxdr 

a 

\>p(-V2t(T,x))\ \v 2 t(r,x)\ dxdr + / / \<p(-v 2 t(T,x))\\v2t{r,x)\dxdT 



s+)j,h Q s Q 

T 



<2J J \(p(-V2t{r,x))\\v 2 t(r,x)\dxdr. 

Q 
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Hence, by the Lebesgue's convergence theorem, 

1 t a 

limsup/ / / / \M lp (-V2t(r + ^h,x)) - M ip (—v 2 t{T, x))\ dxdrdcrdfi = 0. 

h\0 J J J J 

-1 s s Q 

Taking into account (A.22)-(A.24) in (A. 21), we get 

T 



(A.24) 



I?{8,t)>-Tj 

T 

1 I 



<p{v2t (t, x))v2t(r, x)dxdr 



{x:x£Q,\v 2t (T,x)\>M} 

\<p(-v 2t (T,x))\ \v 2t (T,x)\dxdT, V[«,t] C (0,T), 



{x:x€Q,\v 2t (T,x)\>M} 



and consequently 



liminf/f (s, t) > 0, V[s, t] C (0, T). 

M-soo 



By the same way, one can show that 



liminf/f (s,t) > 0, V[s,i] C (0,T), i = 2,3,4, 

M— >oo 



which, together with (A. 20), gives us (A. 17). 



□ 



Lemma A. 5. Let Q C R N be a measurable set of finite measure and tp an increasing continuous 
function such that ip(0) = 0. Also assume that w e 7°°(0, T; L°°(Q)) and w t G L^O, T; L 1 (Q)). 7/ 

T 

y J (\ip(w t {t,x))\ + \<p(-w t {t,x))\) \w t (t,x)\ dxdt < oo, 



Q 



then 



lim inf max 



<r+|h| 

iax / / 

°<t J J 



a Q 



tp(w t (T,x)) 



w(t + h, x) — w(t, x) 



h 



dxdr = 0, 



for every [s,t] C (0, T). 

Proof. By using techniques of the previous lemma, we find 



cr+\h\ 



(fi(Wt(T,x)) 



w(t + h, x) — w(t, x) 



° Q 

J ip{w t {r,x)) 

a {x:xeQ, w t (T,x)>Q} 
a+\h 

tp(w t (T,x)) 

a {x:xeQ, w t (r,x)<0} 
<r+\h\ 

< 

a {x:xeQ, w t (r,x)>0} 

<r+\h\ 



dxdr 



w(t + h, x) — w(t, x) 



h 



w(t + h, x) — w(t, x) 



IS 

(7 

<J+\h 

-I I 

', Wt 
+ \h\ 

j j N ip [(p{wt{T,x)))dxdT 

{x 

I 



dxdr 



dxdr 



" {x:xeQ, w t (r,x)>0} 



w(t + h,x) — w{t, x) 



dxdr 
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<?+\h\ 



+ 



J J N v {(p{w t {T,x)))dxdT 



<? {x:xeQ, w t (T,x)<0} 



0+\h\ 



+ 



/ / 



M v [ - 



w(t + h, x) — w(t, x) 



h 



a {x:xeQ, w t {r,x)<0} 
a+\h\ o+\h\ l 

N v (ip(w t (T, x)))dxdT + 



dxdr 



< 

<? Q 
a+\h\ 1 



iip 

o Q 

<r+\h\ 



M v (\w t (r + hfi, x)\)d[idxdT 



+ 



J j ' M v (— \w t {r + hjj,, x)\)dfj,dxdr < J J<p(w t (T, x)))w t (T, x)dxdr 



a Q 

1 <r+hn+\h\ 

+ 



<y Q 



(ip(\w t (T,x)\) - ip(- \w t (T,x)\)) \w t {T,x)\ dxdrdfj,. 

O a+hfj, Q 

Since, by the conditions on ip, 

<p(\w t (T,x)\) - <p(- \w t (T,x)\) = \(p(w t (T,x))\ + \ip(-w t (T,x))\ 
from the above inequality, it follows that 

u+\h\ a+h 



Q 



tp(w t {T,x)) 



w(t + h, x) — w(t, x) 



h 



dxdr < 



Lp(w t (r, x)))w t (t, x)dxdr 



<? Q 



1 u+h^i+\h\ 



+ 



(\ip(w t (T,x))\ + \ip(-w t (T,x))\) \w t (T,x)\ dxdrdfi. 

a+h^i Q 

By the absolutely continuity property of the Lebesgue integral, we have 

<y+\h\ 



j j ' ip (w t (T,x)))w t (T,x)dxdT — » as h — » 



a Q 



and 



a+hfi+\h\ 



j J (\ip(w t (T,x))\ + \<p(—w t {T, x))\) \w t (T,x)\ dxdr ->• as h -> 0, 

uniformly with respect to a e [s,t] and fi € [0,1]. These approximations, together with the last 
inequality, complete the proof. □ 

Lemma A. 6. Let Q C R N be a measurable set of finite measure and ip an increasing continuous 
function such that tp(0) — 0. Also assume that w € C([0, 1] ; L°°(Q)) and w t € i 1 (0, 1; L 1 (Qj). Then 
l l 

J Jip(w t (t,x))w(t,x)dxdt > - (J^ ||w(0)|| L oo (a) +1^ J j °(p(w t (t,x))w t (t,x)dxdt 



o n 



o Q 



y\\c[-M,M]\\ w (°)\\L^n)- / / \<p(-w t (s,x))\\w t (s,x)\dsdx, 



(A.25) 



Q 



for every M > 0. 
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Proof. By (A. 19), we find 



J J tp(w t (t,x))w(t,x)dxdt = J j ' ip(wt(t,x))w(0,x)dxdt 

Q Q 

1 t 

+■ j J ip(w t (t,x)) J w t {s,x)dsdxdt 

Q 

1 

> — J J \ip(w t (t,x))w(0,x)\ dxdt 



Q 



— j J N ip (ip(w t (t, x)))dxdt — j J M v I — J w t (s,x)ds J dxdt. 



Q Q 

From the conditions on (p, it follows that 

l l 



\ip(w t (t, x))w(0, x)\ dxdt = j j \tp(w t (t,x))w(0,x)\ dxdt 

Q {x:x£Q,\w t (t,x)\<M} 

1 

J J \ip(w t {t,x))w(0,x)\dxdt < \\tp\\ c[ _ M}M] |k(0)|| L1(n) 

{x:xeQ,\w t (t,x)\>M} 

1 

+ ^IK0)llz/»(n) y Jf(w t (t,x))w t (t,x)dxdt 



and 



o Q 
l 



y j N v {tp{w t {t,x)))dxdt < JJf 1 (<p(w t (t,x)))tp(wt(t,x))dxdt 



Q Q 

1 



(fi(wt(t, x))wt(t, x)dxdt. 

Q 

Also by Jensen's inequality and convexity of M v , we have 



j j M v I — J w t (s,x)ds J dxdt ~ J J M v ( t— J — wt(s,x)ds J dxdt 

Q \ ) Q \ ) 

1 / t \ It 

y y tM^ I iy — w t (s,x)ds J dxdt < yyy M v {~w t {s,x))dsdxdt 



< 

Q \0 / Q 

It It 



ip(—w t (s,x))wt(s,x)dsdxdt= / / / |<£>(— w t (s, x))| |u>t(s, x)| dsdxdt 



o q o o g o 

l 



<yy |iy5(-w t (s,x))| |w t (s,x)| dscfo. 
o Q 

Thus, taking into account (A.27)-(A.29) in (A.26), we get (A.25). 
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